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Polarizability and hyperpolarizability

By A. D. BuckincuAM, F.R.S.
University Chemical Laboratory, Cambridge, CB2 1EW, U .K.

The oscillating charge and current distributions induced in matter by a beam of light
are expressed in terms of molecular polarizabilities and hyperpolarizabilities. The
symmetry of these property tensors under space and time reversal is examined and
methods for their measurement considered. Depolarization of light scattering, optical
rotation and differential scattering of right and left circularly polarized light are
discussed, as are the effects of vibration and of collisions on the intensities of light
scattering. Nonlinear polarization and the measurement of hyperpolarizabilities are
briefly examined.
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1. INTRODUCTION

According to classical theory, light scattering arises from oscillations in the charge and current
distribution in matter induced by the incident electromagnetic wave. The dominant contri-
bution to the scattering comes from the oscillating electric dipole u(¢). Normally we assume
that p(¢) is linearly related to the electric field strength E (¢) = E, cos wt of the monochromatic
incident wave of angular frequency o,

lua(t> = aaﬂEﬂ(t)' (1)
The second-rank polar tensor a, is called the polarizability and is a function of w.
In a gas at a low pressure the field E(¢) is determined solely by the source. However, in
a dense fluid or solid the local field is modified by the medium. It is customary to assume that
the effective field may be approximated by the Lorentz field Ey, = ¥(n?+2)E (¢), where z is
the index of refraction of the medium for the frequency w (Lorentz 19og). This approximation
has been investigated many times (Van Kranendonk & Sipe 1977; Keyes & Ladanyi 1977)
and is not discussed further in this paper.
For some purposes, such as optical rotation or second-harmonic generation, equation (1)
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is inadequate. Some appropriate refinements are considered in this paper.

o

;5 E 2. POLARIZABILITY

2 E The molecular polarizability tensor a, 4 is normally a symmetric tCl:lSOI‘ with a maximum of
QO six independent components (g, %zys Cyy Xyys %ys %,,). However, if the molecule possesses
O symmetry elements this number may be reduced. For example, there is only one independent
v element for spherical, tetrahedral and octahedral species, and «,; = d,; where the mean

polarizability o = ¥(et,, +a,,+2,,). For molecules with a threefold or higher rotation axis,
there are two independent components, and

Qap = “aaﬂ"'%(“ 1= y) ($lalp—304p)s (2)

where &, and «, are the polarizabilities when the field is parallel and perpendicular to the
rotation axis, and /, is the a-component of the unit vector along this axis.
[ 29]
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240 A. D. BUCKINGHAM

Quantum-mechanical perturbation theory provides an equation for a,, for the molecule
in the state 7 in terms of the matrix elements of the dipole moment operator g (Born & Huang
1954 ; Buckingham 19674),

o‘aﬂ = a’,b’ac = 2ﬁ_1 % Z(w’ (’)j'na an) wjn Re{(”l ﬂa[])(]l/”ﬂ‘n)}’ (3>

where Re{X} is the real part of X, fiw;, = W;—W, is the difference between the energies of
the unperturbed states j and n and

Z(wy wjfm Fj ) =f((1), (‘)jm an)+ig(w: wjm Fj ) (4)

comprises a real dispersion function f and an imaginary absorption lineshape function ig. If
| @ — w;,| is large compared to the width I, at half the maximum height of g,

Z = f=(0},— 0w, for|w—w;,|> I}, (5)

In the vicinity of a Weisskopf~Wigner absorption line at w;,,

w?n""wg . (l)I"7 ( )

Z . = [w? —w2—iwl. 1-1 = )
(0, Wjn, T'yy) [0}, — 0P —i0l},] (w?n—wz)z-i-aﬂf'?n—l_l (%, — 0?2+ w2l 3,

The imaginary part of Z(w, w;,, I';,) leads to an induced dipole out-of-phase with the field
E(t), and hence to absorption of the electromagnetic wave (Born & Huang 1954). This out-of-
phase dipole is proportional to the time derivative E(t) = —iwE(¢) of the complex field

E(t) = Eqexp {—i(wt—K.1)}, (7)
where K is the wavevector.

If the wavefunctions n and j are necessarily complex, as in the presence of an external
magnetostatic field or of electronic angular momentum (that is, if the state of the molecule is
not symmetric under time-reversal), there is an imaginary part of {n| u,|j)<{j|#4|n) and an
antisymmetric contribution to the polarizability. With the use of a tilde to represent complex

tensors, ~ o
’ alt) = GupBylt), (8)
Gop = Ayp—idgy = g, +i0ps, (9)
where (Buckingham & Raab 1975)
0(,;/9 = “o‘;‘fa =—2iw Z Z(‘”) Wjns Fan) Im{(”l/"al]><.]|/"ﬂln>} (10)
7

The depolarization ratio of light elastically (or rotationally inelastically) scattered in the
y-direction from a beam linearly polarized in the x-direction and directed in the z-direction is

Po = <f5§z€izm> — &gﬂdw‘)‘(’k‘al-ﬁy iﬂ‘i6>’ (11)
<azzax:c> 07.2‘,90?73<2azﬂ2725>

where i, j, k are unit vectors in the x, y, z directions respectively, and the angular brackets

denote a statistical average. If the rotational motion of the molecules can be taken to be classical

then for any Cartesian components afyd (Buckingham & Pople 19535),

(kak}'iﬂié‘> = '516(430&78/95_ 8aﬂ876_8a8 3/97):} (12)
<iaiﬂi'yi8> = 31—5(3“76/95+8a/9375+60€3 aﬂy))
3%+ 5i'?
and po = 5+4K2 , (13)

[ 30]
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POLARIZABILITY AND HYPERPOLARIZABILITY 241
* %
where k2 = et a“ﬁ Yaapy , (14)
20Lmocﬂﬂ
s
w2 = tah%ap (15)
2050“,,&/9/,,2

The anisotropies 2 and «’2 cannot be separated experimentally by measuring p, at different
angles. However, this separation can be achieved through the reversal coefficient P(0)
(Placzek 1934). If the incident radiation is circularly polarized,

E¥(t) = 24E,(iTif) exp {—in(t— 1)), (16)

where the upper and lower signs refer to right and left circular polarization respectively. The
reversal coefficient P(6) is the ratio of the intensities of left to right circularly polarized light
scattered in the direction of k&’ = cos 0k —sin 6 at an angle 6 to the direction of propagation k,
when the incident radiation is right-circular. Ifj* = k’xi = cos 6j +sin 6k, then

P(0 - <|ozaﬂE;(ia_ijo:)|2> (laaﬂ Zﬂ 1],8) i _]]a)l
<|a~aﬁE;(ia+ijo,t)|2> @ pip—1jp) (1 +172) [2)’
_ 5(1—2cos 0+cos? ) + (13 410 cos O+ cos? 0) k2 +5(3 — 2 cos O — cos? 6) k2 (17)
5(1+2cos 6+ cos?0) + (13 —10 cos O+ cos2 §) k2+5(3 +2 cos 6 —cos® 0) k'2°

For forward scattering 6 = 0, while for backward scattering 6 = r; from equation (17),

6k2

PO) = [P = 5 (18)

in agreement with the accepted result (Long 1977).
The refractive index i is the result of interference of the forward scattering with the incident
wave (Breit 1933; Kauzmann 1957; Bullough 1962). For a gas at a low pressure,

naﬂ = 8aﬂ+ <aaﬂ>’ (19)

where N is the number of molecules in unit volume and (&, 4» 18 a statistical average of the
polarizability of a single molecule. If the gas is isotropic,

2N

51 —
g 4me,

(@. (20)

If & = n+in’, then equations (3), (4) and (20) give

n-1= i::; 2;1 2 (0,050 Lyn) 030nl 0153l | B, (21)
"= i:f;vo 32ﬁ 2 8(0, 050> Tjn) 05adal nl)- (| mln) P, (22)

where P, is the probability that a molecule is in the state 7. At equilibrium,

_exp (—W, /kT)
B %exp (—Wm/kT)

[31]
18 Vol. 293. A
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242 A. D. BUCKINGHAM

The rotation of the plane of polarization in the path-length z is determined by the anti-
symmetric polarizability &,,—&,, in equation (9) (Kramers 1930; Buckingham & Stephens
1966)

0= 040 = 22 (i) = %%“? @, (23)

Alkali-metal atoms with a spin mg = + % have a non-zero &' and therefore rotate the plane
of polarization and depolarize light. Thus, if the nuclear spin were zero, atoms with m, = +}
could absorb right but not left circularly polarized light at the resonance frequency
w; = fi~(Wp,—Ws). However, the presence of an equal number of atoms with mg = —}
would cancel this differential absorption, and although &' contributes to light scattering through
k'? (Penney 1969) (see equation (13)), it does not normally affect refraction or absorption.
However, in a magnetostatic field B, the first-order Zeeman splitting of the my = + § levels
favours m; = —4 and leads to a temperature-dependent optical activity. This is the 7!
contribution to the Faraday effect (Buckingham & Stephens 1966). Optical pumping provides
another important means of favouring certain spin states (Series 1966; Happer 1972).

The magnitude of &,, in an alkali-metal atom can be estimated from equation (10). The
wavefunctions #* and j, m representing the ground 28, and excited 2P; and 2P states are
complex and are (Condon & Shortley 1935)

nt = (ns) o,
n~ = (ns) B,
Li=(p)gmy =— @t (@)ips,
=1 = () j_pm—uy = BIPef— (312,
R S (2
558 =(mp) j_gm-p = (3)Ipe+ (3)¥p, 5,
5 =% = () j_gm-3 = )Pax+ (§)Pos,
3, —% = (np) j=$m=-% = p-18-

At a frequency  not far from the np < ns resonance but also not so close to resonance that
hyperfine splitting is significant (in sodium the hyperfine splitting of both resonance lines is
approximately 2 GHz): '

2o [Im(orlalh D i)
fi

(a’a'ny) nt =

w] — w?
+ Im{<n+| Hg %: %> <%: %lﬂy|n+> + <7’l+l P %a — %> <%’ — %l ﬂy|n+>}]
w} — w? ’
20 1 1 )
= _%KSl ﬂzlpz>|2 [wg_ we w? — wz] == (amy)n‘"- (25)
z

The mean polarizability of the atom is

2 wy 2wy
@ = ()ur = () um = o |6l el [w;_ T ) (26)

At frequencies near resonance |«,,|? may be very large, and a large depolarization ratio

po = k'? = |a,|?/|a|? has been predicted (Placzek 1934; Penney 1969).
[ 32]
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POLARIZABILITY AND HYPERPOLARIZABILITY 243

3. THE EFFECT OF MOLECULAR VIBRATION ON POLARIZABILITY

The electronic properties of a molecule depend on the relative positions of the nuclei. In
a diatomic molecule the polarizabilities along and at right angles to the internuclear axis may
be expressed as power series in the displacement £ = (r—r,)/r, from the equilibrium inter-

nuclear distance 7, : ' " :
u e a = doy+2x,) = ag+alf+ialE2+..., (27)

Ao = a,—a, = Aog+ Mg+ FAogE2+.... (28)

The fundamental vibrational Raman intensities are determined by o and Aa? while the
overtone depends upon (ag +ax.)? and (Aag+ aAax,)? where a is the anharmonicity (af is the
ratio of the cubic to the quadratic contributions to the potential energy).

Little is known of polarizability derivatives, but there is hope that the effect of centrifugal
distortion on relative intensities of rotational lines in the O- and S-branches (AJ = —2 and
+2) of the fundamental and overtone bands will permit the determination of Ae,, and Aoy
relative to Ae, (James & Klemperer 1959; Buckingham & Szabo 1978). The effects are expected
to be very large in H,. Unfortunately, there does not appear to be such an easy route to a,
and « in diatomics, nor to Ae,, and Acg in polyatomics (Jacobi & Jaffe 1963).

4. COLLISION-INDUCED SCATTERING BY SIMPLE GASES

Depolarized Rayleigh scattering by monatomic gases is an important source of information
about the effect of collisions on the polarizability (Gelbart 1974). There is inelastic depolarized
scattering because the radiation field is coupled to the translational motion of the molecules
by the collision-induced polarizability. The dominant contribution is that due to dipolar
interaction, giving an anisotropy in the pair polarizability proportional to a,o,R~3 where o,
and a, are the polarizabilities of the two molecules and R is their separation (Silberstein 1917).

When a tetrahedral molecule such as CH, rotates, its polarizability is unchanged. However,
if the molecule is in collision, there may be a change in the induced dipole on rotation of the
tetrahedron by virtue of higher-order polarizabilities. The most important source of inelastic
rotational scattering is probably the dipole-quadrupole polarizability 4,,, which gives the
apy I, induced by a uniform field £, as well as the dipole moment
Py = $4,5,V 5 E, induced by an electric field gradient. A tetrahedron has one independent
element A = Ay, of the A-tensor and it is independent of origin. The field gradient that causes
the induced dipole in molecule 1 arises from the dipole induced in a neighbour 2 by the optical
field. This contribution to the anisotropy in the pair polarizability varies as a, 4; R~* and may
provide a means of measuring the dipole—quadrupole polarizability of tetrahedral molecules
through observations of rotational Raman transitions in the depolarized light scattered by
a compressed gas (Buckingham & Tabisz 1978).

quadrupole moment 6, = 4

5. DIFFERENTIAL SCATTERING OF RIGHT AND LEFT CIRCULARLY
POLARIZED LIGHT

Optical activity is conventionally studied through observations of rotation of the plane of
polarization or of circular dichroism. These effects result from interference of the forward

scattering with the incident wave. Another manifestation of optical activity is the differential
[33] 18-2
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244 A. D. BUCKINGHAM

scattering of right and left circularly polarized light. If I and I, are the intensities scattered
from incident beams of right and left circularly polarized light, the circular intensity differential
is defined as (Ig— L) /(Jg +1,). It has been observed in vibrational Raman scattering from
many liquids (Barron & Buckingham 1975; Barron 1978) and can be as large as 5 x 103,

To account for optical activity it is necessary either that the antisymmetric polarizability
@’ be non-zero (as in the presence of a magnetic field) or that equation (1) be extended to
allow for an oscillating dipole to be induced in a chiral molecule by the magnetic field of the
incident wave (Condon 1937). In the latter case, the time-dependent electric and magnetic
dipole moments and electric quadrupole moment @ of a molecule in an electromagnetic wave
may be written (Buckingham 1967a):

a(t) = 0ty Ey(t) + Gy By(t) 0L+ 34,5 V4 E () + ..., (29)
Mo (t) = XapBy(t) — GpaEy(t) 01+ ..., (30)
O,5(t) = A,p E () + ... (31)

The symmetry of a chiral molecule under time reversal requires these forms for the induced
moments, since u(t), @(t), E(t) and VE(t) are symmetric under time reversal while the
magnetic dipole m(t) and magnetic field B(¢) are antisymmetric (so that the time derivative
B(t) is symmetric and E(t) antisymmetric). It is also helpful to enquire into the symmetry
properties of u, m and @ under space reversal. If the coordinates of all particles in the molecule
and in the source of the fields are inverted through the origin (the parity operation) then g,
E(t) and E (¢) are reversed while m, @, B(¢), B(t) and VE (¢) are unchanged. Hence a and the
magnetizability y are symmetric under parity, but G’ and A are antisymmetric. Hence G’ and
A must vanish for centrosymmetric molecules. Perturbation theory yields the equations
(Buckingham 1967 a)

altﬂ =-2"1w %: Z(w’ Wins r:m) Im{<nl /ualj><jlmﬂln>}: (32)
Aaﬂy = Aayﬂ = 21 ]Z Z( , wjm an) wj'n RC{<n| ﬂal])(]‘@ﬂy|n>} (33)

The optical rotation § is given by (Buckingham & Dunn 1971):

g = _21CN(L)2 <G{;z+ wts w(z{zyz—‘quz) > (34)

and {G;,+G,,> and <4,,,—4,,,> have equal but opposite values for molecules and their
mirror images. For an isotropic fluid, (34) reduces to

4nNow o
0= " dne, 02< >’ (35)
where G’ = 3G,,. Thus A contributes to the optical rotation only in anisotropic samples.
Differential scattering of right and left circularly polarized light results from interference of
the waves scattered by the oscillating dipoles »-1G’.B and 1A: VE in (29) with that from
. E. It provides information about polarizabilities and structure in addition to that obtainable
from the optical rotation (Barron & Buckingham 1975; Barron 1978). If the polarizability
tensor & is known from other measurements, polarization studies of differential Rayleigh
scattering would give information about the components of G’ and A.
[ 34]
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POLARIZABILITY AND HYPERPOLARIZABILITY 245

Only chiral systems can scatter differentially right and left circularly polarized light. How-
ever, all molecules are optically active in a magnetostatic field B and all also exhibit a circular
intensity differential linear in B{® (Barron & Buckingham 1972; Barron 1975). More sur-
prisingly, it is expected that all molecules give a circular intensity differential linear in an
electrostatic field E® (Buckingham & Raab 1975). The handedness of the frame is generated
by E{®, the direction of scattering y, and the direction of propagation z; thus the circular
intensity differential for an isotropic fluid changes sign if the field is reversed or if the scattering
is observed in the —y direction. Like the Faraday effect, the electric-field-induced circular
intensity differential is a property possessed by all matter. Also like the Faraday effect (Bucking-
ham & Stephens 1966), there are temperature-independent and temperature-dependent
contributions. The latter arises from the partial orientation of the permanent electric dipoles
by the field (the mean value of the cosine of the angle between the dipole axis and E® is

3¢ RED

COsSp = 51T

where e is the static dielectric constant and 7 the mean dipole moment of the molecule and its
neighbours in a sphere of arbitrary size (Buckingham 19674)), and from the non-vanishing
elements of G’ and A possessed by all dipolar molecules. For a linear molecule with dipole
moment u; = 4 along the axis, the depolarized differential scattering is proportional to
(y—a,) (Gig+ 3 wAy3) pEQ (kT)~1 (Buckingham & Raab 1975).

Dr R. A. Shatwell in our laboratory is on the point of making the first measurements of this
new universal property of matter.

6. HYPERPOLARIZABILITY

If the electric field E acting on a molecule is strong it may be necessary to extend equation (1)
to allow for non-linear polarization (Buckingham & Pople 1955):

Il,(,a = /L‘(xo) +aaﬂEﬂ +%ﬂ“ﬂ7 Eﬂ E,), +%’)/aﬂ,y§ Eﬂ E’)’ Es +.... (36)

For centrosymmetric molecules the permanent dipole u® and the first hyperpolarizability g
vanish. Typical values for these properties of small molecules in static fields are as follows:

O~ 1D = 10-Besu. = 3.33564x10-30Cm
(4mey)~lx ~ 1A3 = 10-esu. = 10-30 m3
(4mey)~20 =~ +10730%es.u. = 40.29979 x 1030 C-1 m5
(4meg) 3y = 10-3% es.u. = 0.089876 x 10730 C-2 m’.
Differentiating (36) with respect to E, gives the differential polarizability =, Py
Top = Qap+Papy By +5Vapys E, Es+ ..., (37)

7 may be considered to be the effective polarizability in the presence of the strong field E and
its anisotropy ,,— . in a strong static field E, determines the Kerr constant (Buckingham &
Pople 1955). According to classical theory,

_ 2UOL  BkkOue® O (cryy —cr
Mo~ Tax = £ [%7”’ ;27{,» Tt 1(§k§3T2 )]’
[ 35 ]

(38)
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246 A. D. BUCKINGHAM
where Y = T0(3Yapap— Vaasp)s (39)
13 = T%(gﬁalia_ﬂatw)’ (40)
18kkO00® = 3at, zotl) — oty ), (41)

a and a©® being the polarizabilities for optical and static fields respectively, and the permanent
dipole (9 is along the 3-axis of the molecule. For molecules with isotropic polarizabilities
(such as Ar, CH,, SF), only the term in vy survives and measurements of the Kerr effect yield
second hyperpolarizabilities directly (Buckingham & Dunmur 1968). First hyperpolarizabilities
can be obtained from measurements of the Kerr effect over a range of temperatures but there
are difficulties because the term in £ generally provides only a small part of the total birefringence
(Buckingham & Orr 1967; Burnham et al. 1977; Bogaard et al. 1978).

A better route to the first hyperpolarizability of gaseous moleculesis through second-harmonic
generation in the presence of a strong electric field. The effective nonlinear polarizability giving
second-harmonic generation through a dipole u, = 45,4, Es(t) E,(t) oscillating at 2w may be
obtained from equation (36) and is given by:

Sapy = Bapy+YapppLst o = Suppe (42)
In the presence of a static field £,
—  E [u®
Szzz = é I:l/:_]—v (2ﬂaa3 +133aa) + (27aaﬂﬂ +Yaﬂﬂa)] ’ (43)
E [u®
yyz = g(g) [%L—Tv (313aa3 —ﬂ3aa) + (3Yaaﬁﬂ - Yaﬂﬂa):l ’ (44)

so that measurements of the intensities of second-harmonic scattering over a range of tempera-
ture yield information about both g and y (Finn & Ward 1974; Ward & Bigio 1975; Miller &
Ward 1977). The contributions of g and y are of the same order of magnitude.

A review of the literature of polarizabilities and of first and second hyperpolarizabilities
(Bogaard & Orr 1975) lists values for a, g and y for simple molecules. Various schemes have
been proposed for relating molecular polarizabilities and hyperpolarizabilities to atomic, bond
or group components (Applequist 1977; Buckingham & Orr 1967; Crane & Bergman 1976;
Miller et al. 1977). These are useful, but none is entirely successful because polarizabilities are
properties of the molecule and reflect the unique electronic structure of the compound. How-
ever, it is instructive to observe that simple additivity schemes are better able to describe the
isotropic properties « and y than the anisotropic #©, ka and g (Miller et al. 1977).
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Discussion

D. A. Long (School of Chemistry, University of Bradford, Bradford, West Yorkshire, BD7 1DP). Some
of the differences in the properties of the polarizability and hyperpolarizability are illustrated
by some recent studies of hyper-Rayleigh and hyper-Raman scattering made by Dr M. J.
French and myself.

Unlike the polarizability of a system which is always non-zero irrespective of its symmetry,
the hyperpolarizability will be zero in a system with a centre of symmetry. Thus the intensity
of hyper-Rayleigh scattering which is controlled by the equilibrium hyperpolarizability can be
used as a probe of symmetry in appropriate systems.

One example is an ammonium chloride crystal which undergoes an order-disorder phase
transition at 7T, = 242.3 K. In the low temperature, ordered phase the crystal structure does
not have a centre of symmetry whereas in the high-temperature, disordered phase the crystal
structure has a statistical centre of symmetry. We found that a crystal of ammonium chloride
which had been kept above the transition temperature for a considerable period showed
virtually no hyper-Rayleigh scattering but when it was cooled below T, intense hyper-Rayleigh
scattering was observed. However, when the crystal was subsequently allowed to warm up and
pass through T, substantial hyper-Rayleigh scattering was still observed. Only after an extended
period of annealing well above T, did the intensity of the hyper-Rayleigh scattering decrease
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virtually to zero, indicating that the symmetry in the high-temperature phase depended on
the thermal history of the crystal.

Other differences in the properties of the polarizability and hyperpolarizability are illustrated
by the comparison of the vibrational Stokes Raman and Stokes hyper-Raman spectra of CCl,
(liquid) given below:

Relative intensities
A

h}

CCl, A¥/cm~! Raman hyper-Raman

vo(£) 776 1 10
v(a) 458 10 <1
vo(£y) 314 6 1
vy(e) 218 5 inactive

The inactivity of the e class mode in the hyper-Raman effect and the radically different
relative intensities in the Raman and hyper-Raman spectra are consequences of the different
properties of the polarizability and hyperpolarizability.

We have recently developed a bond hyperpolarizability theory of vibrational hyper-Raman
intensities analogous to the bond polarizability theory of vibrational Raman intensities. This
theory affords some insight into the reasons for the different intensity distributions in the two
kinds of spectra. For example the large intensity of the v;(a;) mode of CCl, in the Raman spec-
trum arises because the intensity depends on the derived mean bond polarizability. However
in the hyper-Raman effect the derived mean bond hyperpolarizability controls the intensity
of v4( f) of CCly, thus accounting for its large intensity in the hyper-Raman spectrum.

[38]


http://rsta.royalsocietypublishing.org/

